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ON SOME NON-LINEAR PROJECTIONS OF SELF-SIMILAR SETS IN M 3 

BALAZS BARANY 


Abstract. In the last years considerable attention has been paid for the orthogonal projections and 
non-linear images of self-similar sets. In this paper we consider homothetic self-similar sets in R 3 , 
i.e. the generating IFS has the form {Xtx + We show that if the dimension of the set is 

strictly bigger than 1 then the image of the set under some non-linear functions onto the real line has 
dimension 1. As an application, we show that the distance set of such self-similar sets has dimension 
1. Moreover, the third algebraic product of a self-similar set with itself on the real line has dimension 
1 if its dimension is at least 1/3. 


We call a non-empty compact set A self-similar in 
(IFS) $ of the form 


1. Introduction and Statements 

d if there exists an iterated function system 


$ = {fife) = \OiX + t t } q i=l , ( 1 . 1 ) 

where A i £ (0,1), t, £ and Oi is an orthogonal transformation of for every i = 1,..., q, and A 
is the attractor of <!>, i.e. the unique non-empty compact set A = (J?=t /*(A). We call a measure p 
self-similar if there exists an IFS <!> in the form (1.1) and a probability vector {pi,... ,p q ) such that 

= Ei=l Vi{fi)*fi, where / _1 - 

Let us denote the set of orthogonal projections from to by 11^*.. The classical results of 
Marstrand m and Kaufman states that for any A C M. d Borel set dim# ttA = min {A:, dim# A} 
for almost every it £ Hd,k, where dim# denotes the Hausdorff dimension. Let us denote the packing 
dimension by dim# and the box dimension by dim#. For the definition and basic properties of 
Hausdorff, packing and box dimension we refer to [3j. 

Hochman and Shmerkin f!3] proved that if the IFS <f> satisfies the strong separation condition 
(SSC), i.e. /i(A) n/j(A) = 0 for every i / j and the orthogonal transformations of the IFS satisfies 
a minimality assumption, that is there exists a n £ such that 


(J {ttOa • • • O in : 1 < ii,... ,i n < q} 


( 1 . 2 ) 


n= 1 


is dense in A c i,k, then dim# 7 tA = min {k, dim# A} for every it £ n^fc, moreover, dim# g(A) = 
min {k, dim# A} for every g £ C' 1 (M' i i —> M fc ) without singular points. In particular, if the minimality 
assumption holds then (1.2) holds for all 7r £ Recently, Farkas [7] generalized this result by 


omitting the strong separation condition. 

Dekking [2], Rams and Simon na Eoi, Falconer and Jin [5j considered the orthogonal projections 
and non-linear images of random self-similar sets. For more detailed surveys on projections of fractal 
sets and measures, see 0] or m- 
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In this paper, we focus on homothetic self-similar sets (HSS set) in M 3 , which is Oi = I for every 
i = 1, • ■ ■ ,q, where I denotes the identity. Similarly, we consider homothetic self-similar measures 
(HSS measure). 

It is well known fact that in this case the dimension may drop under some orthogonal projections. 
However, if A is a HSS set with SSC on M 2 then dim# g (A) = min {1, dim# A} for certain g : M 2 i->- M 
C 2 functions. This result was first published in the paper of Bond, Laba and Zahl [Tj Proposition 2.6], 
but they attribute the proof to Hochman. 

Our goal is to generalize this result for HSS sets in M 3 , at least in the case when dim# A is large 
enough. 

During the paper we will have a special interest on the radial projection P^ : \ {0} t —> 

where S d ~ 1 denotes the unit sphere in M. d . Precisely, Pd(x ) = For simplicity, denote the gradient 
vector of a function g : M. d H > M at a point x by A7 x g. 

Theorem 1.1. Let A be an homothetic self-similar set in M 3 such that dim# A > 1 and A is not 
contained in any plane (but not necessarily satisfying SSC). Suppose that g : M 3 i—>- M is a C 1 function 
on aV A open set such that 

(1) llVsffH / 0 for every x 6 A, 

(2) \\S7t-x9 x Vx9\\ = 0 for every x G V and for every iGl such that t-x€.V. 

(3) The function h g is bi-Lipschitz on ^(A) C 5 2 , where h g (x) = PiCVt-xO) for any 1 £ R such 
that t ■ x € V. 

Then dim# ^(A) = 1. 


We apply Theorem 1.1 in two ways. First, we show a corollary for the distance set of HSS sets in 

by D(A). That is, 


M. Let us denote the distance set of A C 

D(A) = {||s-y|| : x,y G A] . 

For every x € A, we define the pinned distance set of A C at the point x by 


(1.3) 


Dx(A) = {\\x-y\\ : ye A} . (1.4) 

Falconer’s distance set conjecture states that if dim# A > d/2 then D(A) has positive Lebesgue 
measure for any measurable iClf Recently, Orponen m showed that for any self-similar set A 
in M 2 if 'H 1 (A) > 0 then dim#D(A) = 1, where TL 1 denotes the Hausdorff measure. We improve 
Orponen’s result for HSS sets in M 3 in the following way. 


Theorem 1.2. Let A be an HSS set in M 3 such that dim# A > 1. Then for every x E A, 
dim# Da, (A) = 1. In particular, dim#D(A) = 1. 


As a second application, we consider the algebraic product of a self-similar set on the real line 
with itself. Let A,B CK and denote A ■ B the algebraic product A and B, that is, 


A - B = {x ■ y : x € A and y G B} . 

As a consequence of the result of Bond, Laba and Zahl [1] we show that for every A self-similar 
set on the real line 


dim# A • A = min {2 dim# A, 1} , 


(1.5) 


see Corollary 2.9 We generalize this result for A • A • A in the following way. 


Theorem 1.3. Let A be a self-similar set in M such that dim# A > 1/3. Then dim# A • A • A = 1. 




2. Preliminaries and non-linear projections in M 2 


m 


This section is devoted to enumerate our tools to prove Theorem [Ll] The results on the projections 
M 2 were previously studied by several authors, e.g. Hochman [10] . Hochman and Shemrkin m, 


Bond, Laba and Zahl [1] etc. For the convenience of the reader, we state here these theorems and 
give short proofs. 

First, we introduce some notations. Let <F be an IFS on with contracting similitudes in the 
form (1.1). Denote the attractor of by A. Let us denote the set of symbols by S = {1,. ..,q} and 
the symbolic space by E = Denote a the left-shift operator on E. Let us define the natural 
projection p from E to A in the usual way, i.e. for any i = (zq, ii, ...) £ E 


p( i) = lim fi 0 0 fh ° ' ■ ■ ° fi„( Q), 

n—>-oo 

where 0 = (0,..., 0) £ M rf . It is easy to see that p{ i) = fioiPi™))- 

Let p = (p±,... ,p q ) be a probability vector with strictly positive elements. Denote the Bernoulli 
measure on E by v = then v is left-shift invariant and ergodic. Then the measure p = p*v = vop~ l 
is the unique self-similar measure with spt/i = A and p = Yli=iPi(fi)*P- 

Let us denote the finite length words of symbols S by E* = (J^=o For ani = ( 20 ,..., i n - 1 ) £ E*, 
denote |z| the length of i and for any i, j £ E*, denote the juxtaposition ij the hnite length word 
(*o j • • • i ®|j|—1) JOj ■ • ■ > j\j\— l) ■ 

For the composition of functions f lQ o ■ ■ ■ o fi n _ 1 , we write /*, where i = (*o,..., i n - 1 ). We denote 
the fixed point of a function fj by Fix(/j). Denote [*] the cylinder set formed by i, 

[*] : = {j = • • •) £ E : i 0 = j 0 ,.. -, = j|i|-i} • 

We denote the projection of a cylinder set by A« = p([i]) = fi{ A), and we call it as a cylinder set 
of A. We note that if p is a HSS measure (or A is a HSS set) with IFS T = = XiX + tj}^ =1 

in with SSC then for any i £ E* the measure p% := ( or respectively A*) is also a self¬ 
similar measure (or self-similar set) with IFS <3?j := {A i%-\- On the other hand, for any 

£ II d,k the measure np = p o tt~ 1 is HSS measure (or respectively 7 tA is a HSS set), as well, with 
IFS 7rd> := {Ax + vr(tj)}? =1 . We denote the nth iteration of the IFS by <L n = {fz} l£S n- 

Our first approach of the study of homothetic self-similar sets is to find proper approximating 
subsystem. 


Proposition 2.1. Let A be an HSS set in with IFS T = {/)(x) = A,;x + }f =] ■ For every e > 0, 

there exists an IFS < F / of the form jgj(x) = Ax + tj| with A £ (0,1) such that the attractor A' 

of $>' satisfies the SSC, A' C A and dim# A' > dim# A — e. Moreover, the functions of & can be 
written as the composition of functions in <L. 

We call the attractor and self-similar measures of such a system <J> 7 as homogeneous homothetic 
self-similar set and measures (HHSS). 


The proof is analogous to the proof of Peres and Shmerkin [18 , Proposition 6], therefore we omit 
it. 

Let us denote the Hausdorff dimension of a measure p by dim# p. That is, 

dim# p = inf {dim# A : p(A) > 0} . 

Let us define the upper and lower local dimension of a measure p at a point x in the usual way by 

dj x ) = lim inf and d„(x) = limsup , 

r^0+ logr r->0+ log T 






where B r (x) is the ball with radius r centered at x. By [6, Theorem 1.2], 

dim# p = p — essinf xd^(x). (2.1) 

We say that the measure p is exact dimensional if d fl (x) = d M (x) for /a- a.e. x. By [6] Corollary 2.1], 
if p is exact dimensional then 

dim# p = inf {dim# A : p(A) = 1} . 

Lemma 2.2. Let p and u be Borel probability measures such that p <C v (that is, p is absolutely 
continuous with respect to v) and v is exact dimensional. Then dim# p = dim# v. 

Proof. Since p <C u, for any measurable set A, if p(A) > 0 then v{A) > 0. Thus, dim# p > dim# u. 
On the other hand, since v is exact dimensional 


dim# v = inf {dim# A : v(A) = 1} = inf {dim# A : v(A c ) = 0} > 

inf {dim# A : p(A c ) = 0} = inf {dim# A : p(A) = 1} > dim# p, 
where A c denotes the complement of A. □ 

Our second approach is to approximate the non-linear projections of HSS measures with SSC by 
orthogonal projections. Let g : 4 M be a C 1 function. We denote the projection of a Borel 

measure p on by g*p = p o g _1 . Let us denote the gradient of g at a point x = (xi,... , x<i) by 
Vx.g, i.e. 

( 9x M) 

= j 

V 9x d (x) 

Denote TTg^ £ n^i the orthogonal projection from to the subspace spanned by that is, 

Hg.x{y) = where < .,. > denotes the standard scalar product on W d and ||.|| denotes the 

induced norm. The next theorem is a consequence of the results of Hochman m- 

Theorem 2.3. Let p be an HSS measure with SSC in M. d and let g : i —> M be a C 1 function with 

HVxS'll ^ 0 for every x £ spt^. Then 

dim# g*p > p — essinf^ dim# TTg^P- 

Proof. Let p be an HSS measure with SSC in Then by |10L Example 4.3] the measure p is 
a homogeneous uniformly scaling measure, see [101 Definition 1.5(3) and Defintion 1.35]. Let P 
be the ergodic fractal distribution generated by p, see m Definition 1.2, Definition 1.5(1) and 
Proposition 1.36]. For a tt £ n^i, let 


Ep{ tt) = J dim# 7n/dP(i/). 


C 1 function with 


Applying [10 Theorem 1.23] and [TUI Proposition 1.36] we have for any g : M. d i—>• 

HVxSlI 0 

dim# g*p > p - essinf fEp^g^. 

Bynni Proposition 1.36] for P- a.e v measure there exists a ball B that p <C ( Tp)*v , where T Br ^(y) = 

^-=. Hence, tt p -C tt(Tb)*v for every tt £ n^i and P- a.e. v. On the other hand, by [10L Theorem 1.22] 
the measure nu is exact dimensional for P- a.e. u. Since T# is a bi-Lipschitz map, by Lemma \2.2\ 
dim#7r/i = dim# ttv for every tt £ n<^i and P- a.e. v, which implies that Ep(rr) = dim# np. □ 


As a consequence of Theorem 2.3 and [111 Theorem 1.8], we state here a modified version of the 
proposition of Hochman, published in Bond, Laba and Zahl [1, Proposition 2.6]. 





Proposition 2.4. Let g be a HHSS measure with SSC in M 2 such that spt g is not contained in any 
line. Suppose that g : M 2 i —> M C 2 map such that ||V^g|| / 0 and 


for every x E spt/x. Then 


9xx(x)g' y {x) - g" y {x)g' x (x) 

9xy (—) 9y (—) - 9yy(x)g' x (x) 


7^0 


dim// g*g = min {1, dim// g} . 


Before we prove the proposition, we need a technical lemma. 


Lemma 2.5. Let g he a HHSS measure with SSC in M 2 such that spt// is not contained in any line. 
Then there exists a constant c > 0 that dim// irg > c > 0 for every i r E 112,1 • 

Proof. Let g be a HHSS measure with SSC in M 2 such that spt g is not contained in any line and 
let {fi(x) = Ax + tj}^ =1 the corresponding IFS and p = (p±,... ,p q ) the corresponding probability 
vector. 

Since spt g is not contained in any line, there exist three fixed points of the functions, let say 
/i ,/2 and / 3 , form a triangle. Let us denote the sides of the triangle by a, b and c. Let k = 
inf ffg n 2 1 max{| 7 ra|, |7t6|,|7tc|} > 0 and let N = |~ los , where |.| denotes the diameter of a 
set. Let x E 7 rspt g be arbitrary, and let 

Zn(x) := KPQ- 

ieS nN 

B« xnN (x)mA&<& 

It is easy to see by the definition of N and n that there exists an i E E* with |z| = IV that 
B, x n(x) PI 7 tAj = 0. Thus, Z\(x) < (1 — Pmm)> w l iere Pmin = min {p \,... ,p q }. On the other hand, 
for every i E E* with |z| = nN and Bk xu n(x) n 7 tAj 7 ^ 0 there exists a j E E with |jj = N that 
BK X{n +i)N (x) n nAij = 0. Thus, 


E 


Kb]) < 1 -p; 


N 

min’ 


jeS N 

B k ^(n+i)N (2i)n7rA^j7^0 


( 2 . 2 ) 


Now we prove by induction that z n (x) < (1 — p^f in ) n . For n = 1 it has already been showed. 
Assume that it holds for n. Then by (2.2) 


z n +i(x) = 


E 


■'«<]) = 


E 


E 


KM) = 


ieS( n+1 '> N 
B K A (n+1 )n 

E 

i£S nN 


%eS nN JGS N 

Bk X uN {x)nnA^Q B K x ( n +i)N (x)n7rA„^0 


K[*D 


E 


KLJD < (! -Pmin)Zn(x) < {l ~ pZinT^ ■ 


Bk x „n{x) n?rA^0 S| A („+i)jv(a:)n7rAy^0 

Hence, for any x E spt g 

liminf ‘°E (grW> = liminf log ^~ W ) > , iminf = 'glgy/flA > 

r->o+ log r n->oo nN log A n->oo nN log A N log A 


log(l-p^in) 


Which implies by ( |2.1[ ) that dim// ng > i og > 0 for every n E n 2 .i 


□ 














Proof of Proposition \2.4\ Let /ibea HHSS measure with SSC such that spt/i is not contained in any 
line. Since dim# g*g < min {1, dim# g}, it is enough to show the lower bound. By Theorem 2.3 we 
have 

dim# g*g > g — essinf x dim# n g}X g. 

Thus, it is enough to show that 

dim# ng tX g — min {1, dim# g\ for g-a.e. x. (2-3) 

If /x is a HHSS measure with IFS {Ax + ftj}? =1 then for any n G n 2i i the measure ng is HHSS 
measure, as well, with IFS {Ax + n[tf)} q i=l . By using the parametrization no (x) =< (cos#, sin#),x > 
and HD Theorem 1.8], it follows that 

dim# {9 G [0,7r) : dim# nog < min {1, dim# g}} = 0. 


Hence, to verify (2.3) it is enough to show that 

dim# f*g> 0, 

t 


f 1 ). By our assumption ||V a: /|| ^ 0 for every x G spt/x. By applying 

9x 9 \ZL) / — 

we get 


Theorem 12.31 and Lemma 2.5 


dim# f^g > g — essinf'^dim# nf^g > inf dim# ng > c > 0. 

7ren 2 ,i 


□ 


As a consequence of Proposition 2.4, we state here the analogue of Proposition 2.5] but for 
measures, which plays important role for the further studies. 

Corollary 2.6. If g is a HHSS measure with SSC in M 2 such that 0 ^ spt g and spt^x is not contained 
in any line then 

dim#(P 2 )*M = min {1, dim# g} . (2.4) 

Proof. Since g can be written as a convex combination of self-similar measures restricted to cylinder 
sets, we have 

dim#(P 2 )*/U = min dim# (P 2 )* AT 

i£S n 

for every n > 1. Thus it is enough to show that for sufficiently large n > 1 (2.4) holds for any i G S n . 
By choosing n sufficiently large and by applying a rotation transformation, without loss of generality 
we may assume that sptAT is contained in the upper half plane and it is separated away from the 
x-axis. 

Since the map ft : x T (i, \/l — x 2 ) is bi-Lipschitz for every x G (—1 + e, 1 + s), it is enough to 
show that for the map g : (x,y) *->• , x , dim h g*g% = min{l, dim# gf}. Indeed, g satisfies the 

y/x-+y 2 


assumptions of Proposition |2.4| 


□ 


As another consequence of Proposition 2.4 we can state the following theorem for general self¬ 
similar sets in M 2 . 

Theorem 2.7. Let A be an arbitrary self-similar set in M 2 not contained in any line. Suppose that 


i-T 


is a C z map such that ||Vxfli| 0 and 


9xx (—) 9y (—) - 9xy(x)g' x (x ) 
9xy(x)g' y {x) - g'y V {x)g' x (x) 


7^0 


for every x G A. Then 


dim# g (A) = min {1, dim# A} . 
















Proof. Let A be a self-similar set in M 2 not contained in any line. Applying H2 Lemma 3.4], for every 
e > 0 there exists a self-similar set A' C A not contained in any line such that dim# A' > dim# A — e 
and its the attractor of IFS < f> / satisfying SSC. If one of the functions of contains an irrational 
rotation then by m Corollary 1.7] 

dim# g( A) > dim# g(A') = min {1, dim# A 7 } > min {1, dim# A} — e. 


If none of the functions of contains irrational rotation then by m Lemma 4.2] there exists a 
self-similar set A" C A such that dim# A" > dim# A — 2e and the similitudes of generating IFS < h // 
of A" do not contain any rotation or reflection, i.e. it is a HSS set with SSC. By Proposition 2.1 
there exists a HHSS set A'" with SSC that A'" C A and dim# A'" > dim# A — 3e. 

Let g be the natural self-similar measure on A w , that is, y is the equidistributed self-similar 
measure on the cylinder sets. Hence, dim# y = dim# A'". By Proposition 2.4 


dim# g( A) > dim# g*y = min {1, dim# y} = min {1, dim# A w | > min {1, dim# A} — 3e. 


Since e > 0 was arbitrary, the statement of the theorem is proven. 


□ 


As a corollary of Theorem 2.7 one can prove a weaker version of Falconer’s distance set conjecture 
in M 2 . This is just a little bit stronger than Orponen’s result 031 Theorem 1.2], since we only assume 
that dim# A > 1 and we do not need that PL 1 (A) > 0. 

Corollary 2.8. If A is a self-similar set in M 2 with dim# A > 1. Then 

dim# D( A) = 1, 


where D{ A) denotes the distance set of A defined in (1.3). 

Proof. If A is contained in a line then dim#D(A) = dim# A. So, we may assume that A is not 
contained in any line. Let a be an arbitrary element of A and let A, be a cylinder set such that 
dist(a, Aj) > 0. Then D a (x) = ||x — a|| satisfies the conditions of Theorem 2.7 with self-similar set 
A*. Thus, 


dim# D( A) > dim# Dgf A) > dim# DgfAj) = min {1, dim# A*} = min {1, dim# A} = 1. 


□ 


Another corollary of Theorem 2.7 is (1.5). 

Corollary 2.9. If A is a self-similar set in M then dim# A • A = min {2 dim# A, 1}. 


Proof. Let A be an arbitrary self-similar set on M. Without loss of generality, we may assume that A 
is not a singleton. Then there exists a cylinder set Aj- of A that every element in A* is either strictly 
positive or strictly negative. 

By [T51 Proposition 6], for every e > 0 there exists a self-similar set A' C Aj such that dim# A' > 
dim# A — e and its the attractor of IFS satisfying SSC and has the form 

$ = {fi(x) = A x + ti} q i=l . 

Then A ’ x A' is a self-similar set with SSC in M 2 with IFS 


T' = { hi(x ) = Ax + . 

Let g(x , y ) = xy. Then 


VxsH = vV + x 2 / 0 and 


9xx(x)g' y (x) 

9xy{x)g' y {x) 


for any ( x,y ) G M 2 \ {(0,0)}. Thus by Theorem 2.7 


9xy(x)g' x (x ) 
9yy(x)g' x (x) 


y/x 2 + y 2 / 0 


dim# A • A > dim# A' ■ A' = dim# g(A' X A') = min {1, dim# A' X A'} > min {1, 2 dim# A} — 2c, 
















where we used that dim# A' x A 7 = 2 dim# A 7 , see [3l Corollary 7.4]. Since e > 0 was arbitrary, the 
proof is complete. □ 


Similarly to the proof of Proposition [2]4j to prove our main Theorem |1.1| we need an upper bound 
for the exceptional directions for the orthogonal projections in E^i. For a vector n E S d ~ 1 let 
T^n £ n^i be the orthogonal projection to the subspace generated by n, i.e. Unix) =< x,n >. 


Proposition 2.10. Let p be a HHSS measure in R 3 with SSC. Then 

dim# {n E S 2 : dim# 7r„/x < min {1, dim# /x}} < 1. 


(2.5) 


Proposition 2.10 follows from Hochman {12} Theorem 1.10]. 

Finally, we state here the dimension conservation phenomena for HSS measures, first showed by 
Furstenberg [Oj and generalized by Falconer and Jin j5]. 

Theorem 2.11. Let /x be an HSS measure with SSC in R d and let ir E 11^ k be arbitrary. Then 

dim# it/j, + dim# ix n -ir x \ = dim# p for TT/a-a.e. x E R fc , (2-6) 

where /x n -iM denote the conditional measures of /x on the fibres tt^^x). Moreover, 

it i-a dim# it[ i is lower semi-continuous. (2-7) 


For the proof of the theorem we refer to Hochman |10( Theorem 1.37]. 


3. Radial projection in R 3 


The critical point of our study is the examination of the radial projection. Unfortunately, we 
cannot prove the analogue of Corollary 2.6 in general. However, we are able to show that if an HSS 
set has dimension strictly larger than 1 then there exists a HHSS measure such that its support is 
contained in the HSS set, and its radial projection has dimension strictly larger than 1. 


Theorem 3.1. Let A. be a HSS set in R 3 such that dim# A > 1 and A is not contained in any plane. 
Then there exists a /x HHSS measure such that spt/x C A and dim#/x > dim#(.P 3 )*/x > 1. 

Let us denote the closed double cone with vertex x£l 3 , angle a , and axis v E R 3 with ||u|| = 1 
by C Q , v (x). That is, 

C a ,v(x ) = {y E R 3 : I < x - y,v > \ > \ cos(a)|||x - y||} . 

In other words, the angle between x — y and v is less than or equal to a. First, we show the following 
lemma. 


Lemma 3.2. Let A be a HHSS set in R 3 such that it is not contained in any plane. Then for every 
vector v E R 3 with ||u|| = 1 and x E A there exists an 7t/2 > a > 0 such that for every r > 0 

int(R r (x) n C a ^{xf) n A / 0, 

where int(A) denotes the interior of a set A. 

Proof. We argue by contradiction. Assume that there exist vector v E R 3 with ||u|| = 1 and x E A 
such that for every 7 t /2 > a > 0 there exists an r = r(a) > 0 that 

int (B r (x) n C a ,v(x)) FI A = 0. 

Let = {fi(x) = Xx + t t Y} =1 be the corresponding IFS and let n(r) = min{n : X n < r}. 

For a 7r/2 > a > 0 if x E Aj with |*| > n(r(a)) then A* C int(R r ( a )(x)) n A. Thus by 
assumption Aj n int(C' Qii ,(x)) = 0. Since <h does not contain any orthogonal transformation. 

A n int(C ai v(f^~ 1 (x))) = ff 1 (A f nint(C a! y(x))) = 0. 


our 





Figure 1. Cones and points for (x,y), (x,z), (y,z ) G IV 


Thus, for every n/2 > a > 0 there exists a N > 1 such that for every i with x = p(i) = 
and |z| > N 

A n int (x))) = 0. 

Let y be a density point of the sequence {,/T 1 (x) }. Since A is compact, y € A and AnintC Qi2 ,(y) = 0. 
But a was arbitrary, thus A must be contained in a plane with normal vector y and containing 
which is a contradiction. 


Denote by the subspace to which ir G II 32 projects and denote the normal vector of V n by 
n n G M 3 with ||n„.|| = 1. For a projection n G IV 2 , let 


sin(e T ) = inf 
x^y€. A 


\n n x (x - ; 


Il£- y| 


Since A is compact, if 7 tA satisfies the SSC then sin(e 7r ) > 0 . Let be as follows 

Ifbr X (x-y) 


I\r = < (x, y) G A x A : x / y & sin(e T ) = 


\\x-y || 


Since T = {./?;}f =1 is orthogonal transformation free, 


sinleV = min inf 

LD' xefi(A),yefj(A) 


\n„ x{x~ 
\\x-y II 


(3.1) 


Moreover, by compactness, there are i / j, x t G _/)(A), y G /j(A) such that {x^y.) G 7^ 0. By 
definition 

int (C £n .n n (x)) n A = 0 for every x G A. (3.2) 


□ l«£ 





Lemma 3.3. Let A be a HHSS set not contained in any plane and suppose that nA satisfies the SSC. 
If (x,y), (x,z) £ Ttt then ( y,z ) ^ IV Thus, if (x,y) £ V then lx, y C A\{x, y} = 0, where lx, y is the 
line containing x and y. 


Proof. Let us suppose that (x,y), (x, z), ( y,z ) 6 T,. It is easy to see that x,y,z must be contained 
in one line. Indeed, z must be a common element of the boundary of the cones C £7r ,n (x) and 
C £n ,n n {y), see Figure [IJ Without loss of generality, assume that z is between x and y. Let V be the 
common tangent plane of the cones C £njlk (x) and C £7r ,„ (y), and let v be its normal vector. Applying 
, there exists an 7 r/ 2 >a ;>0 that int (B r (z) FI C a ,v{z)) C A 7 ^ 0, for every r > 0. Let r > 0 
be sufficiently small that int (B r (z) n C a; y(z)) C int (C e ^ t n (x) n CV.n (y))- Then 


Lemma 


3.2 


0 / int(5 r (z) n C a> v(z)) H A C int (C £ltiTLjr (x)) FI A. 


But by (3.2), int(C' £xi „ (x)) n A 


which is a contradiction. 


□ 


Proposition 3.4. Let A be a HSS set in M 3 such that dim// A > 1 and it is not contained in any 
plane. Then there exists an orthogonal projection n £ IV 2 and a self-similar measure y such that 
spt y C A, spt/r is not contained in any plane, Try satisfies the SSC (but not w.r.t the IFS generating 
y), and dim// y > dim// iry > 1 . 


Proof. Let A be a HSS set satisfying the assumptions. By Marstrand’s projection theorem m 
Corollary 9.4, Corollary 9.8] there exists a iri £ ^2 such that dim// 7 TiA = min{2, dim//A}. The 
set 7 Ti A is a HSS set in M 2 . Applying Proposition |2.l[ there exists a HHSS set A 1 and an IFS 
db = {fi(x) = Ax+ tj }? =1 with SSC such that A 1 C A, tt/A 1 satisfies the SSC and 2 > dim//A 1 = 
dim//vr/A 1 > 1 . 

Let e 7ri be defined in (3.1). By compactness, there are x i £ fi( A 1 ), y £ fj( A 1 ) such that i j 
and (xj, y.) £ T^. Let us fix such i j and x i ,y.. Denote the projection onto the subspace with 


normal vector 




Mi~y, 


by 7 T 2 . Then by Lemma 


3.3 


the projection 7/2 is 2 to 1 on A 1 . Thus, by j8j 


Corollary 4.16], dim// A 1 = dim// 1 T 2 A 1 , but clearly, the SSC does not hold. 

Let 6 > 0 be sufficiently small such that dim//A 1 — 35 > 1. Let us fix *, j £ S* such that 
|*| = |j|, Xj £ //(A 1 ), y £ //(A 1 ) and choose m := |*| = |j| sufficiently large that the attractor 

A of the IFS <F := {fi o ■ ■ ■ o f % } q \ {fi, /,} satisfies dim// A > dim// A 1 - 6. Since 7 r 2 

is still at most 2 to 1 on the smaller set A, we have dim// A = dim// 7T2A. Let us observe that 

7T 2 Xj = 7T 2 y 7T 2 A. 


Let y be the natural HSS measure on A. By Theorem 2.11 2.7) the function 7 r i —> dim// Try is lower 


semi-continuous at 7 / 2 . Hence, 7r i —> dim//7rA is lower semi-continuous at 7 / 2 . Let (5 > 0 sufficiently 
small such that for every projection 7r £ ^ 2 , with \\n n X n n . t \\ < \ sin(/3)|, nx^ny^ ^ 7tA and 


dim// 7tA > dim// 7/2 A — 6 = dim// A — 5. 

Since the fixed points of the iterates of the functions are dense in A, by compactness, we may find 
h\,ha £ D* that 7r(Fix(/^ 1 )),7r(Fix(/^ 2 )) ^ ttA for every projection 7r £ ^ 2 , with ||n^. x n || < 

| sin(/3) | and 


||(Fix(// fil ) - Fix(/ Jfi2 )) x (xj - y.) 
l|Fix(/ iRl ) - Fix(/^ 2 )||||xj - y.\\ 


< |sin(/3)|. 


Denote the projection onto the subspace with normal vector ||Fix(f-fl 1 )-Fix(/-B 2 )H by 7T 7 . Applying 


Proposition 2.1 for there exist a HHSS set A 1 and an IFS 4>i with SSC such that A 1 C A, -k' A 1 


satisfies the SSC and dim// A 1 = dim// t:'A 1 > dim// 7 FA — 5. 


















k 


We claim that there exist m, k > 1 that the IFS ( 7r'<&\ ) U < 




° i = : ^74 


satisfies 


the SSC and it is homogeneous. 

Indeed, since the system satisfies SSC and is homogeneous, then for every m > 1 ^ 7 r 7 <f>i 
still satisfies SSC and is homogeneous. By Proposition 2.1 the contraction ratio of 4>i is \ l for an 


l > 1. On the other hand, the contraction ratio of /^ M is . Now, let us fix the ratio k/m = l/\ihi\ 
Since 7 r / (Fix(/^ 1 )), 7 r / (Fix(/j^ 2 )) ^ n'A, by choosing k sufficiently large, the SSC holds. 

Let 4 > 7 := ($i) m U {/^,, } and its attractor A'. Observe that 7 r , (Fix(/^ 1 )) = 7 r 7 (Fix(/jft 2 )). 

\m 

tt' 1 ) U {^' } and therefore, 

satisfies SSC. 

Let A 7 be the attractor of T 7 . Then 

dim# 7 r / A / > dim# 7 r / A 1 > dim# 7 r 7 A — S > dim# 7 T 2 A — 25 = dim# A — 25 > dim# A 1 — 35 > 1. 

\ m 

Let y be the HHSS measure on A' with weights y >" +1 for the functions in (^ < hij and weights 

y'Vi) ^° r hmctions /4,, fm 2 ■ Thus, n'y' is the natural self-similar measure on ir'A' and 

therefore, 1 < dim# n'A' = dim# n'y '. Because of the exact overlap and the fact that spt 7 r 7 // = n'A' 
cannot be contained in a line, spt^r 7 cannot be contained in a plane. The exact overlap and dim# y! < 
dim# A 1 < 2 imply dim# y' > dim# n'y', which had to be proven. □ 

By changing the coordinates, without loss of generality we may assume that the projection in 
is a coordinate projection n : (x,y,z) (->• ( x,y ). Moreover, since the measure y in 
cannot be contained in any plane, we may assume that spt/r is supported on an 


3.4 


3.4 


Proposition 
Proposition 

octant, separated away from the 2 axis by restricting y to a cylinder set. 

Let us denote the projection along geodesics on S 2 to S ' 1 by 7 . We note that 7 is well defined 
except on the poles. On the other hand, 7 o P 3 = P 2 o n. 

Let v := (P 3 )*/i. Thus, 7 *^ = (P 2 )*ny. By convenience, we use the cylindrical coordinates in 
M 3 and the radial coordinates on M 2 . That is, for M 3 3 x = (r,p,z), n(x) = ( r,tp ), P 2 (n(x)) = 
<p = 7 (P 3 (x)). Let us denote the conditional measures of y on n~ 1 (r, p) by y n -i( r ,tp)> the conditional 
measures of ny on P 2 _1 ((^) by 7r/x p -i/ ,, and the conditional measures of v on 7 by see 

Figure [2j 

Lemma 3.5. For almost every p e S 1 , dim# Ky-ifo) > dim# y — dim# ny > 0. 

Proof. By definition of conditional measures v = f v^-i^d^*v{p). On the other hand, ny = 
f 7T Vp-\ v ) dr Y*"( i P) an d thus, y = f y„-i^dny(r,ipj = ff y 7 ,-i^ (p) dny p -i {tp) {r)d^v{p). Hence, 


v = (P3)*y = JJ (P3)*yn-i( rtlp )dny p -i^(r)d'y*v(<p). 
Since the conditional measures are uniquely defined up to a zero measure set 

iV 1 (p) = / {Pb)*yn- 1 (r,<p)dny p -i( (p) (r) for 7 *z/-almost every p. 


(3.3) 


Let us observe that for any compact line segment JcM 3 which is not c ontain ed in any 1 dimensi onal 
subspace of M 3 the map P 3 : 1 1 — > S 2 is bi-Lipschitz. Hence, by Theorem 2.11 2.6) and Proposition J t4] 

dim#(P 3 )*/Tr-i( rj( p) = dim# y n -i^) = dim# y - dim# ny > 0 for ny-a.e. (r, p). 














Figure 2. The conditional and projected measures along P 2 , P 3 and 7 . 


By using the definition of Hausdorff dimension, let A p>n be the set such that v^-i^{A p ^ n ) > 0 and 
dim# Ky-i(y,) > dim// A<^ n —Thus, by (3.3) for 7 *i/-a.e. ip there exists a set B p>n that > 

0 and for -Kfi p -i, ,-a.e. r G B pn 


(-L3)*/br —1 B 0. 


Hence, 


dim// + - > dim// A p>n > dim//(P 3 )*/i^-i( r)¥ ,) = dim// // - dim// 7r/x > 0 for 7 *i/-a.e. </?. 

Since n was arbitrary, the proof is complete. 


□ 


Proof of Theorem 3.1. Let jx and 7 r be as in Proposition |3.4| Since 717 / is a HHSS measure satisfying 


SSC, we can apply Corollary 243 and therefore, 

dim// 7 *i 7 = dim//(P 2 )*vr/j = min { 1 , dim// tt/j} = 1 . 


By Lemma 3.5 


dim// > dim// fi — dim// 7 x/i > 0. 

Thus, by m Lemma 6.13] 

dim H{P‘i)*h = dim// u > dim// 7 * 1 / + dim// z^-i^) > 1 . 


□ 


4. Proof of the main theorems 
In this section we show the remaining proofs. 

Proof of Theorem Let A. be an HSS set in IR.'^ such that it is not contained in any plane and 
dim# A > 1 . Moreover, let g : R 3 i—>• R be a C 1 function satisfying the assumptions ©-©■ Since 
A is compact, there exists an open neighbourhood of A that |||| > 0 on the neighbourhood. By 
considering a sufficiently small cylinder of A we may assume that there exists a ball B that AC B 











and ||V*g|| > 0 for every x 6 B. Let / : x € B H > . By assumption Q, for every i G 8 such 

that t ■ x£ B, f{x) = f(t ■ x). Thus, by assumption Q, for any y HSS measure with sptg, C A 

dim# = dim#(P 3 )*/x. 

It is enough to show the lower bound. Let y be the HHSS measure as in Theorem 3.1 Then by 
Theorem 12.31 

dim# g( A) > dim H g*y > y - essinfa, dim# n g , x y, 
where we recall that TT g . x (y) = By Proposition 


2.10 


dim# {n G S 2 : dim# n n y < l} < 1. 


□ 


But by Theorem 3.1 dim# /*y = dim #(P 3 )*/i > 1, thus, 

/*/x({n G S 2 : dim# 7r„/i < l}) =0. 

And therefore y — essinf x dim# 7 T g ^ x y = 1. 

Proof of Theorem, 1.2 . If A is contained in a plane then we refer to Corollary |2.8| or m Theorem 1.2]. 
So we may assume that A is not contained in any plane. 

By shifting A we may assume that 0 G A. Let Aj be a cylinder set such that dist(0, A,) > 0. Then 
g{x) := ||x|| satisfies the conditions of Theorem 0 with self-similar set Aj. Thus, 

dim# Dg(A) > dim# 5 (A) > dim#g(Aj) = min { 1 , dim# Aj} = min ( 1 , dim# A} = 1 . 

□ 


Proof of Theorem 1.3. Let A be an arbitrary self-similar set on M that dim# A > 1/3 with IFS {AjX + L}/ =1 , 
where A* 6 (—1,1). By applying |18L Proposition 6 ] there exists a self-similar set A' C A in M that 
dim# A' > 1/3 with IFS (Ax-(- 1(}? =1 , where A G (0,1). Since A' is not a singleton, there exists a 
cylinder set A( such that every element of A( is either strictly positive or strictly negative. 

It is easy to see that A]x A(x A} is an HSS set in M 3 separated away from planes determined by 
the axes. Thus it is contained in one of the octants. Moreover, dim# A} x A/ x K > !■ 

Let g(x, y, z) = xyz. Then 

/ yz 

V x9 


I' is easy to see that V x g satisfies the assumptions ([!]) and ([ 2 ]) of Theorem E3 on Aj x A t x A r 
To show that g satisfies ([3]) of Theorem |1.1[ observe that there exists an open, simply connected set 
V in S 2 such that P 3 (A() c V and V is uniformly separated away from the planes x = 0,y = 0, z = 0. 
Since x i-x V x g is one-to-one on every open octant and det {H x g) = 2 xyz / 0 for any (x, y, z) G V, 
where H x g denotes the Hesse matrix of g, we get that x 1 —> V x g is a diffeomorphism between V and 
its image Vyg. Now, let (</?, 6 ) 1 —> x(<p,9) be the natural parametrization of V. Thus, 


<^V x g x ^V x g, V x g) = (det (H x g) (( H x g ) T ) 1 |= x |=, V x g) = 

(|| x |=,det (H x g) ((ff ^))- 1 V^) = * det(P x g)<|= x |=,x> ^0 

for every point Hence, the normal vector of S 2 at V x g/|| V x g|| is uniformly transversal to the 

normal vector of Vyg at the point V x g. Thus, P 3 is a diffeomorphism between Vyg and Ps(Vyg), 
and therefore h g is bi-Lipsitz. 

Thus, by Theorem |1.1| 

dim# A • A • A > dim# A} • A} • A/ = dim# g(A} x A]x A}) = 1. 









□ 


Remark 1 . Unfortunately, our method does not allows us to prove similar statements i/dim# A < 1. 
The method depends on dimension of the exceptional directions of orthogonal projections from M 3 to 
M. By using Hochman’s result Theorem \2.S\ 

dim// g*// > ji — essinfr dim// TTg^/i. 

On the other hand, in the case self-similar sets 


dim// { 7 T E II 3 i : dim// 7 tA < min {1, dim// A}} < 1, 

see Theorem 2.10. Hence, to prove that the dimension does not drop, it is enough to show that 
dim h f*T > 1; where f : x P^iVxg)- However, it is not possible if dim//A < 1 and in particular 
if dim// p, < 1. 


Remark 2. Conditions (2) and (3) in Theorem \ 1.1\ imply that we have to check only that dim//(-P 3 )*// > 
1. These conditions seems rather technical, and we conjecture that they can be replaced by some more 
natural condition. 
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